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1. Introduction 


Gauge dependence of Green’s functions in Yang-Mills theory is well-studied in the literature. 
In the seminal papers |[l], ^ an algebraic approach to this problem has been proposed, based on the 
so-called (generalised) Nielsen identities, i.e. a set of differential equations for the vertex functional 
r controlling the dependence on the gauge pai'ameter a. An application to the Standard Model has 
been given in [^. 

Formally the Nielsen identities can be obtained by extending the action of the BRST differ¬ 
ential s of the theory to the gauge parameter a in such a way that it forms a BRST doublet [||, ^ 
with a classical anti-commuting source 6 (i.e. sa = d,sd = 0). This gives rise to an extended 
Slavnov-Taylor (ST) identity valid for the effective action F. The Nielsen identity is then easily 
recovered by taking a derivative w.r.t. 6 of the ST identity. Being based on symmetry arguments 
only, the ST identity is supposed to be valid even beyond perturbation theory. 

This motivates the attempt to provide a general, purely algebraic method to obtain a solution 
of the ST identity order by order in a, under the assumption of analyticity in the gauge parameter. 

QCD provides several examples where such a method could prove particularly useful. The 
existence of massive solutions of appropriate truncations to the QCD Schwinger-Dyson equa¬ 
tions that has been established in the Landau gauge, confirming lattice simulations again 

carried out in the Landau gauge, both in SU(2) [||] and in SU(3) [^. Moreover, the study of the 


Kugo-Ojima function is also usually formulated in the Landau gauge [|10|]. It is therefore desirable 
to have at disposal a method, to be applied in the non-perturbative regime, in order to allow the 
comparison of computations carried out in different gauges (see Ref. [|rT|] for the continuum and 


Ref. [12] for lattice calculations connecting different linear gauges). 

The formal treatment of the gauge parameter as a component of a BRST doublet establishes 


a close analogy to the algebraic renormalization [ |13| ] approach to the background field mefhod. 
There fhe background field is paired wifh a classical anfi-commufing source Q.^ under fhe 
BRST differential and an exfended ST idenfify is obfained [[T4|]-[|T7|]. 

Recenfly several advances have been made in order fo provide an explicif solution of fhe vertex 
functional fulfilling such an exfended ST idenfify order by order in fhe background field A^. If 
has indeed been proven [|I^-[pO|] fhaf fhe extended ST idenfify, reformulated in fhe confexf of 
fhe so-called Bafalin-Vilkovisky (BV) formalism [^l]], induces a canonical (wifh respecf fo fhe 
BV brackef) fransformafion fhaf fixes uniquely fhe dependence of fhe vertex functional on fhe 
background A^. 

The generating funcfional of such a canonical fransformafion is This funcfional 

depends on fhe background field A^ in a non-frivial way and fhis prevenfs fo reconsfrucf fhe full 
dependence of fhe vertex functional on fhe background by simple exponentiation. This in furn 


requires fo make recourse fo a cerfain Lie series [ ROfl in order fo obfain fhe explicif coefficienfs of 
F order by order in powers of fhe background connection. 

This newly developed fechnique has allowed fo obfain several resulfs in Yang-Mills fheories. In 
fhe Color Glass Condensate picfure, gauge-invariance of fhe evolufion equafions has been proven fo 


hold [22] as a consequence of fhe exfended ST idenfify, arising from fhe BRST symmefry of QCD 
in fhe presence of fhe classical fasf gluon backgrounds. Even fhough compulations are usually 
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carried out in the Landau gauge for the semi-fast gluons [23]-[25], any gauge choice for the semi¬ 
fast modes can in fact be adopted. 

Moreover, on the formal side, by exploiting the geometrical interpretation of the background 
field method in the BV framework, it has been recognized that the well-known antiBRST 
symmetry [^]-[29], which was early recognized in the literature but whose interpretation has re¬ 
mained rather mysterious, is indeed nothing but an equivalent reformulation of the background 
field method quantization of Yang-Mills theory. 

In the present paper we summarize some recent progress in the extension of the above 
tools to the study of the gauge dependence of Yang-Mills theory. We discuss first the canonical 
flow induced by the extended ST identity in the space of gauge parameters. The solution to this 
canonical flow is derived by means of the Lie series connecting the 1-PI amplitudes at a = 0 
(e.g., for Lorentz-covariant gauges, Landau gauge Green’s functions) with those at a 7 ^ 0. The Lie 
series contains some contributions induced by the a-dependence of the generating functional of 
the canonical flow. 

We illustrate these results on the case of the gluon propagator in the Landau and in the Lorenz- 
covariant gauge. 


2. Classical Yang-Mills Action 


Let us consider pure SU(N) Yang-Mills theory with classical action 

The field sfrength is 


(2.1) 


Gafiv — d^Aa 


' dyAa^ -\- fabcAbpAcv 


( 2 . 2 ) 


and fabc the SU(N) structure constants. 

The usual quantization procedure based on the BRST symmetry requires the introduction in the 
tree-level vertex functional of a gauge-fixing function through the coupling with the Nakanishi- 
Lautrup multiplier field ba- 


Ss.f=- 


/ 


d^xba-^a 


(2.3) 


We do nol need to specify the exact form of the gauge-fixing function ^a- The only condition 
is that it should allow the inversion of the tree-level 2 -point functions in the — bh sector, 
might also depend on some parameters A,. For instance one could interpolate between the Lorentz- 
covariant gauge (A = 0) and the Coulomb gauge (A = 1 ) by choosing 


— (1 “ ^)d^Aa^ A d'Ai 


(2.4) 


Another example is the Slavnov-Frolov regularization of the Light Cone gauge 


= A_ -|- A5_A_ 


(2.5) 


where A_ = Aq — A3 and = do — dj. Green functions are evaluated at A / 0 and then one takes 
the limit A —)• 0 . 

The analysis also applies to the case of a /?ce-gauge, when one adds to the action the BRST- 
invariant term / d^x jb^ and study the Green’s functions in different Lorentz-covariant gauges. 
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3. BRST Symmetry 

Gauge invariance lost after the gauge-fixing procedure is promoted to full BRST symmetry by 
adding to the classical action both the gauge-fixing and fhe ghosf-dependenf ferms 

Sg.f.+gh = s j d'^XCa = J X {^bl - ba^a + CaS^c^ ■ (3.1) 

On fhe gauge field s equals fhe gauge fransformafion, upon replacemenf of fhe gauge parame¬ 
ters wifh fhe ghosf fields Ca 

= b)^Ca — d^Ca ~\~ fabc^bpCc j (3-2) 

where is fhe covarianf derivafive of fhe ghosf field. Moreover by nilpofency of s one has 

1 

•^(-a — t^fabc^bCc ■ (3.3) 

The anfighosf q and fhe Nakanishi-Laufrup multiplier field ba form a BRST double!, i.e. 

SCa = ba, Sba=0. (3.4) 

The parameter a reduces fo fhe usual gauge paramefer for Lorenfz-covarianf gauges when = 
dAa- The BRST symmefry is extended on fhe gauge paramefers by selling 

sXi = di, sdi = 0, sa = 6 sd = 0. (3.5) 


4. Slavnov-Taylor and Nielsen Identities 


The full free-level verfex functional 


^ — *5 -i- Sg,f,^gh+Sa.f. 


(4.1) 


where S^./.+g/, is fhe gauge-fixing and ghosf pari and Sa.f. is the antifield-dependent sector, with 
the couplings of the BRST variations of the fields fo fhe corresponding external sources, called 
anfifields, obeys fhe following Slavnov-Taylor (ST) idenlify, as a consequence of BRST invariance: 




dXi 


da 




5c* 5ca 


+ =0. (4.2) 


For non-anomalous Iheories Ihis equalion holds for fhe full vertex functional F. 

By faking a derivative w.r.l. 6 and fhen selling 0,0, equal fo zero one obfains the following 
Nielsen identity 


dr 


da 


0=0,=O 


/"^4 / 5^r sr 5r s^r 

J ''\dddA*a^ SAa^, ~ 5A*a^ ddSAaf, 


5'^T 5T 
dQ5c* 5ca 


5Y 5^r 5^r \ 

5c*ade5Ca ^^"‘deSCa) 


0=e,=o 


(4.3) 


A similar equation holds for the derivative of F w.r.t. A,, once one takes a derivative of the extended 
ST identity w.r.t. 0,. 
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5. Canonical Flow 


In order to make it apparent the canonical flow solution of the Nielsen identity we rewrite 
the extended ST identity within the Batalin-Vilkovisky (BV) formalism. Hence one introduces an 
antifield c* for the antighost q as well as the antifield b* for the Nakanishi-Lautrup field ba- c* is 
coupled to ba in the classical action, while b* does not enter into (since sba = 0). 

The BV bracket is 





5X SY 

5^ 5^* 




5X SY 

5 ^* 50 


(5.1) 


The sum runs over the fields ^ = {Aa^,Ca,Ca,ba) and the corresponding antifields (p* = {A*^,c*,c*,b*). 
The extended ST identity can be written as 


Ar, = Le,§ + e^A-{r.r} = o^ 


(5.2) 


By taking a derivative w.r.t. 6 one finds 

da 


e=9i=o 


= - {— r} 


(5.3) 


9 = 9,=0 


This equation shows that the derivative of the vertex functional w.r.t. a is obtained by a canonical 


transformation (w.r.t. the BV bracket) induced by the generating functional 'T = ^. Since the 
latter in general depends on a, one cannot solve Eq.(^) by simple exponentiation and one needs 
to make recourse to a Lie series. 


6. The Gauge Lie Series 

We introduce the operator 

= + ( 6 . 1 ) 

Then the vertex functional T is given by the following Lie series [ ^0| ] 

r= L (6.2) 

where Lq is the vertex functional at a = 0. Notice that one must afterwards take the limit a —)• 0 
(although the operator A>i< is applied on the functional Lq, which is a-independent) since a residual 
a-dependence may arise (and in general indeed arises) from the differentiation w.r.t. a of the 
generating functional'T. 

7. The Gluon Propagator 

As an example, let us consider in the perturbative regime how one can derive the solution to 
the gauge evolution equation for the transverse part of the gluon propagator. Lor that purpose we 
introduce the transverse and longitudinal form factors according to 
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The relevant quantity is At{p^). The canonical flow equation is in this case 




^9A*^Ab^v^ 


(7.1) 


(7.2) 


ci>=ci)»=e=0j=o 


Short-hand notation where lowstair letters denote functional differentiation w.r.t. that argument and 
it is understood that in the end one sets all fields <I> and external sources d>*, 0, di equal to zero. For 
instance 

= 

5Ab,v,5Ab2V2 

Let us introduce transverse and longitudinal form factors for the 1-PI functions involved, namely 
(in the Fourier space) 

-'T T I 7 


(7.3) 




I , 


liV 


^6Al^Atv — [R T^v+R L, 

Then by applying the transverse projector to Eq.([7T|) one gets 

dG^ 


da 


= -ir'^g^ . 


(7.4) 


Let us denote by Gq the form factor in the Landau gauge. Then by integrating Eq.( |7.4| ) one gets 

G^ = exp f - r 2R^ da') gJ (7.5) 


and therefore for the transverse part of the gluon propagator 


= exp 


2R^ da']A, 


On the other hand, by Eq.(^) the following ratio 

r = exp(^ — J 2R^ da') 

must be equal to one (and therefore gauge-independent). 


^0 • 


)Al 


(7.6) 


(7.7) 


8. Conclusions 

The existence of a canonical flow in the space of gauge parameters and the related solution 
in terms of a Eie series provide a way to compare results in different gauges within an algebraic 
framework that is bound to hold even beyond perturbation theory (as far as the ST identity is valid). 

The dependence of the generating functional of the canonical flow on the gauge parameter 
prevents to get the full solution by a naive exponentiation. Such a solution can be expressed through 
an appropriate Eie series, in close analogy to the solution of the extended ST identity in the presence 
of a background gauge connection. 

Knowing such a Eie series eases the comparison between computations carried out in different 
gauges. In the simplest example of the 2-point gluon function, a closed formula interpolating 
between the Eandau and the Eorentz-covariant gauge can be obtained, under the assumption that 
analyticity in the gauge parameter around a = 0 holds. 
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